In this paper, we study K-theoretic Gromov-Witten invariants of projective spaces. Using the theory of the confluence of q-difference equations, introduced by J. Sauloy, we propose a new perspective to relate K-theoretical Gromov-Witten invariants to their cohomological analogues. In the case of projective spaces, we show that adapting the confluence process to Givental's small K-theoretical J-function recovers the small cohomological J-function.
Goal of the article
The aim of this paper is to propose a new point of view to compare K-theoretical Gromov-Witten invariants with their cohomological analogues, using the theory of q-difference equations.
We will focus on the q-difference equations satisfied by Givental's K-theoretical J-function. In general, these functional equations satisfy a property called confluence, according to which we can take some limit q → 1 of the q-difference to obtain a differential equation. A quick illustration of the confluence of q-difference equations is this simple limit (for k ∈ Z)
Therefore, we will say that the q-difference operator q Q∂ Q −Id q−1 converges formally to the differential operator Q∂ Q . Our goal is to apply this property to the following data: Definition 1.2.1 ( [Giv96] , [Giv15a] ). Consider X = P N with its usual toric action of the torus T N +1 = (C * ) N +1 . Let P = O eq (1) ∈ K T N +1 P N be the anti-tautological equivariant bundle.
(i) Givental's small equivariant K-theoretical J-function is the function
Where qΛ 0 P −1 , . . . , qΛ N P −1 ;
(1 − q r Λ i P −1 )
And P −ℓq(Q) is a shift by some K-theoretical function that we introduce in Definition 3.1.5.
(ii) Let H = c 1 (O eq (1)) ∈ H 2 T N +1 P N ; Q be the equivariant hyperplane class. Givental's small equivariant cohomological J-function of P N is given by the expression CK99] ). (i) The function J Kth,eq is solution of the q-difference equation
(ii) The function J coh,eq is a solution of the differential equation Applying the confluence of the q-difference equations to this data, we want to first compare the q-difference equation satisfied in K-theory with the differential equation satisfied in cohomology, then compare the two J-functions as solutions of their respective functional equations. We expect the following informal statements to hold: The rigorous realisation of this statement is the following theorem, which is the main goal of this article:
Main Theorem (Theorem 3.2.2). Consider the algebraic torus T N +1 = (C * ) N +1 acting on X = P N . Denote by (3.1.8) (resp. (3.1.4)) the q-difference (resp. differential) equation satisfied by Givental's small equivariant K-theoretical (resp. cohomological) J-function J Kth,eq (resp. J coh, eq ). Let q ∈ C, 0 < q < 1 and z ∈ C * . Assume that the relation Λ i = q −λ i z ∈ C holds for all i ∈ {0, . . . , N }. The following statements hold:
(i) Consider the application ϕ q,z defined by
The pullback q-difference equation ϕ * q,z (3.1.8) is confluent. Moreover, its formal limit when q → 1 is the differential equation (3.1.4).
(ii) Consider the isomorphism of rings
Let E q be the complex torus C * q Z and let M (E q ) be the space of meromorphic functions on said complex torus. Then, there exists an explicit change of fundamental solution P q,z ∈ GL N +1 (M (E q )) such that the fundamental solution J Kth,eq verifies
Structure of the article
The main idea of this paper is to apply the confluence of q-difference equations to quantum K-theory. Once the necessary background on the theory of q-difference equations is set, and the statements of the Main Theorem become clear to the reader, the remaining task (proving the two claims) will be reduced to honest computations. Therefore, we have decided to structure this article in two parts. The Section 2 will be a survey on the theory of q-difference equations, which the reader might not be familiar with. The aim of the first two subsections is to introduce the definitions required to understand the statement of the main theorem, as well as the special functions that will be useful to us in quantum K-theory. Then, we will explain the confluence of a class of q-difference equations.
In the Section 3, the reader should now have the necessary background to understand the statements of the Main Theorem. In the first subsection, we will recall the definitions of Givental's equivariant J-functions, whose expressions are obtained by using virtual localisation theorems. Then, we will give their functional equations. In the second subsection, we state the Main Theorem and give its proof. Our proof is split in two parts: first we check the confluence of the q-difference equation, then we check the confluence of the K-theoretical J-function as a solution. In the final third subsection, we will explain what happens when one tries to adapt the main theorem for non equivariant J-functions.
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q-difference equations
This section is structured in three subsections. In the first subsection, we give some introductory definitions regarding q-difference equations. The second section is dedicated to the resolution of regular singular q-difference equations. The last section deals with confluence of regular singular q-difference equations.
General definitions
In this subsection we recall general notions of the theory of q-difference equations from the analytical point of view.
Definition 2.1.1. Let M(C) be the field of meromorphic functions on C. Fix q ∈ C, q < 1 and n ∈ Z >0 . Let q Q∂ Q be the q-difference operator acting on functions
where X q is a column vector of n complex functions of input Q, and A ∈ M n (M(C)). The rank of this q-difference system is defined to be the rank of the matrix A q .
From now on we will work locally at Q = 0. More precisely, we will look for solutions in the space C Q, Q −1 of convergent Laurent series. The definitions and the results below will also hold for Q = ∞ by replacing Q with Q −1 .
We define the solution space of this q-difference equation by
Constant functions are obvious solutions to this q-difference equation. Denote by q Z the multiplicative group q Z ∶= {q k k ∈ Z} and choose τ ∈ H ⊂ C such that q = e 2iπτ . The meromorphic solutions of this q-difference equation can be identified with meromorphic functions on C * q Z : the action is given by the multiplication q k ⋅ z = q k z and the complex (torus) structure comes from the exponential exp ∶ C (Z + τ Z) ≃ C * q Z .
Notation. We denote by E q the complex torus E q ∶= C * q Z .
The space M (E q ) of meromorphic functions on the complex torus C * q Z plays a role for q-difference equations similar to the space of constant functions C for differential equations. Because the q-difference operator q Q∂ Q is an automorphism of complex functions, we have the following property.
Proposition 2.1.4 ([HSS16], p.116). The set Sol ‡ q has a structure of M (E q )-vector space.
Definition 2.1.6. Let q Q∂ Q X q (Q) = A q (Q)X q (Q) be a q-difference system. Consider a matrix F q ∈ GL n C Q, Q −1 . The gauge transform of the matrix A q by the gauge transformation F q is the matrix
is said to be equivalent by gauge transform to the first one if there exists a matrix F q ∈ GL n C Q, Q −1 such that
Local fundamental solution for regular singular q-difference systems
We will now mention the results regarding the fundamental solution of regular singular q-difference equations.
Conceptually, a q-difference equation is regular singular at 0 if its solutions exhibit polynomial growth at 0. This statement is made explicit in Proposition 2.2.7. The practical use of this part is to introduce various special functions related to the theory of q-difference equations, which will also appear in the next section dealing with quantum K-theory: Definitions 2.2.1 and 2.2.4.
). Jacobi's theta function θ q is the complex function defined by the convergent Laurent series
Theorem 2.2.6 ([Sau00], Subsection 1.1.4). Let q Q∂ Q X q (Q) = A q (Q)X q (Q) be a regular singular q-difference system. There exists a fundamental solution of X q ∈ GL n C Q, Q −1 of this q-difference equation expressed with the function ℓ q of Definition 2.2.4. Proposition 2.2.7 ([HSS16], Theorem 3.1.7, p.127). Let q Q∂ Q X q (Q) = A q (Q)X q (Q) be a regular singular q-difference system of rank n. For i ∈ {1, . . . , n}, denote by X (i) the i th column of the fundamental solution given by Theorem 2.2.6. Choose ν ∈ C, ν = 1 such that the function below is well defined:
Then, the function f i,ν has polynomial growth at t = −∞.
Confluence of regular singular q-difference equation
In this subsection we introduce Sauloy's confluence phenomenon. One of the main ingredient is the following asymptotic.
Notation. Let λ q ∈ C * be some non zero complex number. We will call q-spiral the set λR ∶= λt t ∈ R ⊂ C * . Note that its complementary in C * is simply connected.
. We recall that the formal limit of this q-difference operator is the differential operator Q∂ Q . A motivation to consider the function (q − 1)ℓ q instead of the usual q-logarithm ℓ q is that we have
Notice that the formal limit of this q-difference system is the differential system satisfied by the logarithm.
Confluence of the q-difference equation
The first step is to define which regular singular q-difference equations have a well behaved formal limit.
, whose coefficients have poles in the input Q that we will denote by Q 1 (q), . . . , Q k (q). We require that
(ii) There exists a matrixB ∈ GL n (C(Q)) such that
(iii) This limit defines a regular singular, non resonant differential system
Confluence of the solutions
We assume that there exists a vector X 0 ∈ C n − 0, independent of q, such that A q(t) X 0 = X 0 for all t ∈ (0, 1]. We also assume that we have a solution X q of the q-difference system satisfying the initial condition
Applying this theorem to the fundamental solution given by Theorem 2.2.6 gives the corollary below.
Corollary 2.3.6 ([Sau00], Subsections 3.2.4 and 3.4). Let q 0 ∈ C, q 0 < 1, and set q(t) = q t 0 , for t ∈ (0, 1]. Let q Q∂ Q X q (Q) = A q (Q)X q (Q) be a confluent regular singular q-difference system, whose formal limit system when q → 1 is Q∂ Q X(Q) =B(Q)X(Q). Denote by X q0 the fundamental solution of the q-difference given by Theorem 2.2.6. Then, the limit matrix lim t→0 X q(t) is a fundamental solution of the differential equation Q∂ Q X(Q) =B(Q)X(Q).
However, not any fundamental solution of a confluent q-difference system has immediately a well defined limit when t → 0. We therefore introduce the following defition:
3 Confluence for quantum K-theory of projective spaces
Equivariant J-functions

Definitions
We consider the algebraic variety X = P N with its toric action: the torus T N +1 ∶= (C * ) N +1 acts on P N via
The elementary representations
where −Λ i is the line bundle on the point with an action of the group T N +1 given by ρ i . Denote by P = O eq (1) ∈ K T N +1 P N the anti-tautological equivariant bundle, H = c 1 (O eq (1)) the equivariant hyperplane class and λ i = c 1 (Λ i ) ∈ H 2 T N +1 (pt). We recall that we have
A basis of the equivariant K-theory is given by K T N +1 P N is given by the classes indexed by i ∈ {0, . . . , N }
, Subsection 11.2.3). The small equivariant cohomological J-function is given by the expression 
). The small equivariant J-function (3.1.6) is solution of the q-difference equation, which is regular singular at Q = 0 :
Remark 3.1.9 (On the inputs z and q). Geometrically, the input q can be understood as a generator of the C * -equivariant K-theory of the point. Then, we have z = −c 1 (q) ∈ H * C * (pt).
A remark on q-characters
This part will be a comparison between the K-theoretical function P −ℓq(Q) we have introduced in the Definition 3.1.5 and the usual q-characters e q,λq that appear in the analytic theory of q-difference equations. This part is independent of the main theorem. The reader may want to skip to Subsection 3.2.
Proposition 3.1.10. The K-theoretical function defined by
Functions that satisfy such q-difference equations are called q-characters. Recall that Jacobi's theta function θ q , by Proposition 2.2.3, is a solution of the q-difference equation q Q∂ Q θ q (Q) = Q −1 θ q (Q). A common example of a q-character is the following function: The choice we made to use the function P −ℓq(Q) instead is to have a better basis decomposition when considering the non equivariant limit Λ i → 1. The non equivariant K-theory of P N is given by K P N ≃ Z[P, P −1 ] 1 − P −1 N +1 . In this basis, let us write
The function P −ℓq(Q) has the decomposition in the K-theory of P N
This choice has to be compared with the infinite product e q,P −1 (Q) = θ q (Q)θ q (P −1 Q) −1 , whose decomposition in K-theory is much more technical.
Confluence of the J-function
Before giving stating the theorem, we will make a remark on the equivariant parameters that appear in the J-functions.
Remark 3.2.1. Recall that we have z = −c 1 (q) and λ i = c 1 (Λ i ). The morphism f ∶ T N +1 → C * given by f (w 0 , . . . , w N ) = w 0 ⋯w N induces morphisms f Kth ∶ K C * (pt) → K T N +1 (pt) and f coh ∶ H * C * (pt) → H * T N +1 (pt). We have the relation in the equivariant cohomology H * T N +1 P N , up to degree 2 terms
This relation will be important to keep in mind to make the main theorem work.
Statement
Theorem 3.2.2. Consider the algebraic torus T N +1 = (C * ) N +1 acting on X = P N . Recall that (3.1.8) (resp. (3.1.4) ) denotes the q-difference (resp. differential) equation satisfied by Givental's small equivariant Ktheoretical (resp. cohomological) J-function J Kth,eq (resp. J coh,eq ). Assume that the relation
holds for all i ∈ {0, . . . , N }. Let q ∈ C, 0 < q < 1 and z ∈ C * . The following statements hold:
The pullback q-difference equation ϕ * q,z (3.1.8) is confluent. Moreover, its formal limit when q → 1 is the differential equation (3.1.4) satisfied by the cohomological J-function.
(ii) Let E q be the complex torus C * q Z and M (E q ) be the space of meromorphic functions on said complex torus. Consider the isomorphism of rings
Then, there exists an explicit change of fundamental solution P eq q,z ∈ GL N +1 (M (E q )) such that the fundamental solution J Kth,eq verifies γ eq lim t→0 P et ,z ⋅ ϕ * q t ,z J Kth,et , Q = J coh,eq (z, Q)
The proof of this theorem consists of three computations. In the first part (Subsubsection 3.2), we study the confluence of the q-difference equation (3.1.8). In the second part (Subsubsection 3.2), we study the confluence of Givental's equivariant J-function as a fundamental solution of a q-difference equation. In the third part (Subsubsection 3.2), we compare the confluence of the K-theoretical J-function with the cohmological J-function. Then in a last part (Subsubsection 3.2), we give the proof of Theorem 3.2.2. 
Confluence of the q-difference equation
Let ϕ q,z be the function
Q Then, the q-pullback of the q-difference equation (3.1.8) by ϕ q,z is confluent, and its formal limit is the differential equation satisfied by the small equivariant cohomological J-function (3.1.4).
Proof. Denote by δ q the q-difference operator q Q∂ Q −Id q−1 . We rewrite the q-difference equation (3.1.8) to express it with the operators δ q instead. Using q Q∂ Q = Id + (q − 1)δ q , we obtain the following restatement of the qdifference equation (3.1.8):
As it stands, the formal limit when q → 1 of this q-difference equation does not define a differential equation. Introduce the q-pullback
The q-pullback by ϕ q,z of the above q-difference equation is given by
Since the relation Λ i = q −λ i z holds for all i ∈ {0, . . . , N }, this q-difference is confluent. Using the same relation again, we can compute the formal limit of this q-difference equation. The resulting formal limit coincides with the developed expression of the differential equation (3.1.4) satisfied by the cohomological J-function.
Remark 3.2.5. The q-pullback ϕ q,z defined in Proposition 3.2.3 is the only q-pullback of the form Q ↦ z 1−q λ Q, with λ ∈ Z, which defines a confluent q-difference system whose formal limit is non zero.
Confluence of the solution
Remark 3.2.6. The q-difference system associated to the q-pullbacked equation (3.2.4) has a fundamental solution obtained from the equivariant J-function J Kth,eq (q, Q), which is explicitly given by
First let us check that every term in the sum indexed by d has a well defined limit when q tends to 1: the relation Λ i = q −λi z gives that for any r ∈ Z,
It remains to deal with the divergent coefficient
Notice that the functions given by ℓ q (Q) and ℓ−1 z N +1 Q are both q-logarithms, i.e. solutions of the q-difference equation q Q∂ Q f q (Q) = f q (Q) + 1. Therefore, there exists a change of fundamental solution P eq q,z ∈ GL N +1 (M (E q )) which, for the fundamental solution X Kth,eq (q, Q), changes the divergent q-logarithms ℓ−1 z N +1 Q into the q-logarithms ℓ q (Q). Then, we have by Proposition 2.3.1, (i):
Therefore, the transformed fundamental solution X Kth,eq (q, Q) P eq q,z is confluent, and its coefficients are given by X Kth,eq (q, Q) P eq q,z li = (δ q ) l Λ −ℓq(Q) i d≥0
Comparison between confluence of quantum K-theory and quantum cohomology
Recall that we use a basis of the equivariant K-theory given by η i = ∏ j≠i
Definition 3.2.9. Denote by P eq q,z ⋅ ϕ * q,z J Kth,eq the K-theoretical function obtained from the first row of the transformed fundamental solution:
X Kth,eq (q, Q) P eq q,z 0i η i By Proposition 3.2.8, the limit when q t tends to 1 of the function P eq q,z ⋅ ϕ * q,z J Kth,eq is well defined. We define the K-theoretical function confluence J Kth,eq by confluence J Kth,eq (z, Q) = lim t→0 P et ,z ⋅ ϕ * q t ,z J Kth,eq (q t , Q)
Proposition 3.2.10. Consider the isomorphism of rings γ eq ∶ K T N +1 P N → H * T N +1 P N ; Q given by γ eq (η i ) = ∏ j≠i H−λi λj −λi for all i ∈ {0, . . . , N } Then, we have γ eq confluence J Kth,eq (z, Q) = J coh,eq (z, Q) Proof. We have
We conclude using γ eq (η i ) = ∏ j≠i H−λi λj −λi , recalling that
Summary of the previous results
We have now all the ingredients to give the proof of Theorem 3.2.2, which we give below as a summary of everything we have done.
Proof of Theorem 3.2.2. Confluence of the equation. Using the q-pullback ϕ q,z of Proposition 3.2.3, we obtain a confluent q-difference system. Its limit is the differential equation associated to the small equivariant cohomological J-function.
Confluence of the solution. Following Remark 3.2.6, we can encode the equivariant K-theoretical Jfunction as a fundamental solution of the q-pullback of the system (3.2.4), which we denote by X Kth,eq (q, Q) in Equation 3.2.7. By Proposition 3.2.8, there exists a q-constant transformation P eq q,z ∈ GL N +1 (M (E q )) such that the fundamental solution X Kth,eq (q, Q) P eq q,z is confluent. Comparison with quantum cohomology. The first row of the transformed fundamental solution X Kth,eq (q, Q) P eq q,z defines another K-theoretical function, which we denote by P eq q,z ⋅ ϕ * q,z J Kth,eq in Definition 3.2.9. Since the fundamental solution was confluent, this function has a well defined limit when q t → 1. Using Proposition 3.2.10, we have γ eq lim t→0 P et ,z ⋅ ϕ * q t ,z J Kth,eq (q t , Q) = J coh,eq (z, Q) Definitions and statement of the theorem Remark 3.3.1. A basis of the non equivariant K-theory K P N ≃ Z[P, P −1 ] 1 − P −1 N +1 is given by the integer powers of 1 − P −1 . Notice that the the non equivariant limit of the equivariant basis given by η i = ∏ j≠i Definition 3.3.2. Let X = P N and let P = O(1) ∈ K P N be the anti-tautological bundle. Givental's small K-theoretical J-function is the function given by
Confluence and non equivariant limit
This q-difference equation is regular singular at Q = 0.
Definition 3.3.5. Givental's small cohomological J-function is given by the expression
Proposition 3.3.6. This function is a solution of the differential equation
The following theorem holds:
Theorem 3.3.8. Let X = P N . Denote by J Kth (resp. J coh ) Givental's small K-theoretical (resp. cohomological) J-function. Let q ∈ C, 0 < q < 1 and z ∈ C * . The following statements hold:
The pullback by ϕ q,z of the q-difference equation (3.3.4) satisfied by the K-theoretical J-function is confluent. Moreover, its formal limit when q → 1 is the differential equation (3.3.7) satisfied by the cohomological J-function.
(ii) Let E q be the complex torus C * q Z and M (E q ) be the space of meromorphic functions on said complex torus. Consider the isomorphism of rings γ ∶ K P N ⊗C → H * P N , C defined by, for all i ∈ {0, . . . , N }
Then, there exists an explicit change of fundamental solution P q,z ∈ GL N +1 (M (E q )) such that the fundamental solution J Kth verifies
The skeleton of the proof is similar to the equivariant analogue, Theorem 3.2.2: first we study the confluence of the q-difference equation, then the confluence of Givental's J-function as a fundamental solution. However, the confluence of the fundamental solution requires a different change of fundamental solution P q,z ∈ GL N +1 (M (E q )), which is more complex.
Confluence of the q-difference equation Proposition 3.3.9. Consider the q-difference equation (3.3.4) : 1 − q Q∂ Q N +1 f (q, Q) = Qf (q, Q) Let z ∈ C * and let ϕ q,z be the function
Then, the q-pullback of the q-difference equation (3.3.4) by ϕ q,z is confluent, and its limit is the differential equation (3.3.7) satisfied by Givental's small cohomological J-function.
The proof of this proposition can be obtained by setting Λ i → 1, λ i → 0 for all i ∈ {0, . . . , N } in the proof of Proposition 3.2.3 Writing δ q = q Q∂ Q −id q−1 , the pullback by ϕ q,z of the q-difference equation (3.3.4) is given by
Confluence of the J-function
Because the non equivariant limit of our basis of the equivariant K-theory is not a basis of the non equivariant K-theory, the statement will be a bit more technical.
Remark 3.3.11. Consider the decomposition
Givental's small K-theoretical J-functions can be encoded in the fundamental solution of the q-difference equation (3.3.10) given by
(3.3.12) Proposition 3.3.13. There exists a q-constant matrix P q,z ∈ GL N +1 (M (E q )) such that the transformed fundamental solution X Kth (q, Q) P q,z obtained from Equation 3.3.12 is given by
Where the functions f b are defined by
Moreover, this fundamental solution has a non trivial limit when q t tends to 1.
Before giving a proof, let us mention an example to show that the condition on the change of fundamental solution P q,z is not as arbitrary as it could look.
To check the confluence of the fundamental solution X Kth (q, Q), we need to compute the decomposition J Kth (q, Q) = ∑ N i=0 J i (q, Q) 1 − P −1 i . We have
Like in the proof of Proposition 3.2.8, we need a change of fundamental solution to change the q-logarithms ℓ q 1−q z N +1 Q in the fundamental solution X Kth (q, Q) to the usual q-logarithms ℓ q (Q).
However, this is not enough, because the terms q m 1 +⋯+m l
(1−q m 1 )⋯(1−q m l ) coming from the coefficients f b do not converge when q → 1, unless they come with a factor (1 − q) l . We should also notice that Proposition 2.3.1 applies only to the terms (q − 1) a ℓ q (Q) a , which don't appear right away.
The solution to these two problems is to multiply the i th column of the fundamental solution X Kth (q, Q) by the factor 1−q z i . By doing so, we obtain a new fundamental solution, and the change of fundamental solution P q,z is the q-constant matrix is the base change matrix from X Kth (q, Q) to this new fundamental solution.
For the details of these computations, we refer to the proof of Proposition VI.2.3.3 in [Roq19] . To complete the proof of Theorem 3.3.8, it remains to compare the limit of the first row of the fundamental solution X Kth (q, Q) P q,z with Givental's small cohomological J-function. 
